We investigate the differential number counts of sources in radio continuum surveys, including all terms at linear order in cosmological perturbations. Our framework does not assume a specific gauge condition. This general approach allows us to recover gauge invariance explicitly. With the complete derivations of the covariant volume integral on the past light cone, we have identified several contributions in the number counts. To clarify their underlying physics, we present each contributions in terms of scalar, vector and tensor modes. This theoretical framework promises to be widely applicable to continuum radio galaxy surveys to model the expected angular power spectrum and two-point correlation.
shifts of z ∼ 7, are distributed over the whole sky and are extremely luminous, especially at low frequencies.
This encourages us to investigate them for large scale structure and cosmology. This direction has been explored previously by several authors [8, 9] based on data from the NRAO VLA Sky Survey (NVSS) [10] . However, in the interpretation of the data only the density perturbations itself, but no effects of light propagation have been considered.
In this work we provide the theoretical basis to calculate the differential number counts
which denotes source number per solid angle and per flux density observed into directionê in a narrow frequency band centered at frequency ω and at flux density S. In contrast to galaxy redshift surveys, the distance estimates of the sources have to rely on the observed brightness and thus on the luminosity distances. In radio, the synchrotron and free-free emission mechanisms suggest that the specific luminosity of radio sources should follow a power law L(ω) ∝ ω −α , where α is named spectra index. Our results are not limited to the radio band, with proper K-correction they hold for any flux-limited sample obtained in a narrow frequency band.
The linear order effects in the number of galaxies per redshift per solid angle was investigated in [11] [12] [13] for different choices of coordinates (gauges). A more general approach was presented in [14, 15] without specifying any gauge condition. These results are most significant for optical galaxy redshift surveys like BOSS [16] (LRG z < 0.7) and Euclid [17] (z < 2). Comparing with the analysis of optical galaxies, the investigation of radio continuum sources should put more focus on the distortion effects at higher redshifts. So far no fully relativistic treatment for the differential number counts of radio sources is available.
In this work, we provide the complete theoretical framework of differential number counts of radio sources at linear order in cosmological perturbation theory. In our results, part of the perturbations to the differential number counts have been investigated in [18, 19] , where they choose Newtonian gauge. Because of the inherent gauge freedom in the general relativity perturbation theory, the gauge choice of the perturbations is always an issue especially on super-Hubble scales. We do not make any gauge assumption to insure that their physical meanings can be extract clearly.
The paper is structured as follows. In the next section, we show how to count objects on the past lightcone. In section III we expressed this counting in the observed coordinates, where we derived the flux fluctuation to the linear order. The total volume distortion including the flux distortion and angular displacements could be see clearly. Finally, we combine the luminosity function and previous number counts elements into the first order number count per flux per solid angle.
II. NUMBER COUNTS ON THE LIGHT CONE
In this work, we consider linear perturbations of a spatially isotropic, homogeneous and flat metric, largely following the notation of [20] . A dot denotes a derivative with respect to the conformal time η, the scale factor is a and H ≡ȧ/a. The line element is expressed as
where B ,i = ∂B/∂x i and S i and F i are transverse vectors, i.e. their divergencies vanish S 
We can consider our past light cone to be a three dimensional hyper-surface of the four dimensional space-time [21] . Within this hyper-surface, the four coordinates x µ may be expressed by smooth functions of three parameters y
For convenience, we use the light cone constrain to fix the conformal time η, and choose the three parameters on the past light cone to be the spherical coordinates (r, θ, φ). In a second step (next section) we connect them to the observed source positions on the sky and to observed comoving source distances. The total number of radio sources on the past light cone (plc) can be computed by considering a covariant volume integral
where n phy = n phy (η, x i ) is the inhomogeneous physical number density in the rest frame of the cosmic fluid, u 0 =
(1 − φ)/a, u i = v i /a are the components of the fourvelocity field of the radio sources and
with µνσρ = √ −g[µ ν σ ρ] denoting the Levi-Civita pseudo-tensor.
At linear order, the covariant volume integral can be written as
where e r i denotes the radial unit vector. Here, the terms 3ψ and ∇ 2 E are due to the distortion of the spatial volume, the term v i e r i is due to the light cone projection. Let us stress that this result holds true for all coordinates systems in which the observer is at rest,i.e. v i denote the velocity of the sources. In order to express the N in another frame (e.g. the CMB rest frame) one has to replace
o denotes the observer's peculiar velocity. This can be easily see from the fact that linearized Lorentz boost reduce to Galilean transformations which do not modify the volume, but affect the light cone projection. By construction N is a gauge invariant quantity, which we have checked explicitly.
III. COORDINATES OF THE OBSERVER
In the previous section, the number count has been expressed as an integral over the coordinates (r, θ, ϕ). However, these coordinates do not agree with the coordinates used by the observer. The actual observables are redshift and/or flux, instead of coordinate distance, and position (two observed angles), instead of the angular coordinates introduced above. The following subsection briefly reviews the redshift and luminosity distance distortions up to first order in cosmological perturbations.
A. Redshift distortions
The authors of [22, 23] suggest that the analysis of perturbed null geodesics is drastically simplified by means of a conformal transformations. Below we follow this approach and regard the cosmic scale factor to be a conformal transformation of a perturbed Minkowski spacetime. The redshift is then defined as where ω s and ω o are the frequencies at the source and observer, respectively. In our notation and at linear order
with the gauge invariant ratio of scale factors For convenience, we define 1+z ≡ ao as (1+δz), and thus the redshift distortion becomes
More details are provided in Appendix A. From this equation, one could clearly see the well known gravitational redshift, Doppler shift and integrated Sachs-Wolfe effect, as well as vector mode and gravitational wave contributions.
B. Specific flux fluctuations
Since radio sources typically have featureless (power law) spectra, their redshift cannot be obtained from radio continuum observations. However, we observe the specific flux. The observed specific flux of a radio sources is also affected by metric fluctuations. This effect modifies any distance estimate based on the ratio of specific fluxes (assuming for a moment that we would know the specific luminosities).
The energy momentum tensor of radio source is
Here, we usek µ to distinguish the physical wave vector from k µ , the wave vector in the conformally related Minkowski space-time. The bolometric flux is given by a projection of the energy-momentum,
where h α µ is the spatial projection tensor, orthogonal to the observer four velocity u ν o , and e α is a unit space like vector pointing in the direction of the photon 3-momentum in the observer rest frame. Since photons with different frequency follow the same geodesic, we find
Therefore, the specific flux density
At long wavelengths, synchrotron radiation is the dominant radiation process, which suggests that the emitted flux density follows a power law,
where α is called spectra index.
The emitted photon number in a frequency band of width dω s , solid angle dΩ s , and proper time interval dτ s , can be expressed in terms of the specific luminosity of a source L(ω s ) ≡ 4πR 2 s S s (ω s ) (R s is a distance not too far from the center of the source) and reads
Due to the conservation of photon number (neglecting absorption and emission along the line of sight to a source) we can relate that to the observed specific flux density [24] ,
The
where we introduce the physical distance (today) R o ≡ dA o /dΩ s . D L agrees with the luminosity distance inferred from the bolometric flux of a thermal source.
To infer the distance of a source that is neither monochromatic, nor thermal, requires the detailed knowledge of its spectrum (besides its luminosity). For featureless spectra the redshift is typically unknown. It is thus convenient to compare the observed specific flux density to the specific luminosity at the observed frequency and we use the observed band width. We define the specific luminosity distance,
The last term in Eq. (19) connects the specific luminosity distance with the (monochromatic/bolometric) luminosity distance D L , the latter was discussed many times [11, 22, 25, 26] . In the following our task is to calculate the specific flux density of a radio source, taking all linear fluctuations into account. We can write
For the standard cosmological (homogeneous and isotropic) model, this relation between flux density and redshift is shown in Fig. 2 for several typical specific luminosities of radio sources. The linear distortions of redshift are presented in the previous subsection. Analogous to the redshift distortion, we define the physical distance fluctuation
where δ d is then given by comparison with the expression for the luminosity distance at linear order, which has been discussed previously [22, 25, 26] .
As shown in the appendix, the luminosity distance can be expressed in terms of gauge invariant quantities as
We have checked that the luminosity distance is manifestly gauge invariant, and after gauge fixing our result, it agrees with Bonvin et al. [25] .
As shown so far, distortions of the specific flux are affected by redshift distortions δz and physical distance fluctuations δ d . Besides these geometrical effects, the specific luminosity and spectra of different sources are not identical, which provides another source of fluctuation. Thus, we allow L s (ω o ) and α to vary and denote its fluctuations by δL
and δα = α −ᾱ, respectively. The specific flux density can be written as
and the specific flux fluctuation is
On one hand, at high redshifts and large fields of view (a large sample) the geometric terms (−2δ d − (ᾱ + 1)δz) are likely to dominate δ S . On the other hand, at low redshift and small fields of view, δα and δL s may play a significant role, which might explain some of the variation observed in the differential number counts in small fields. C. Number counts in observed spherical coordinates and lensing effect
As a result of the fluctuations we mentioned above, we have to taken them into account when we do the coordinate transformation from the background coordinates (r, θ, ϕ) to the observed coordinates (r o , θ o , ϕ o ) (see Fig. 3 ). We assume that the two sets of coordinates are related by small quantities, such that
The radial displacement is defined as the difference between the line of sight distance r in the comoving coordinates and the distance r o inferred from the observed flux density, measured spectral index and assumed luminosity. Unlike the former, r o is in principle a measurable quantity and it is invariant under coordinate transformations.
The observed flux is a function of the conformal time. For convenience, we define f (η) ≡S o . Thus η = f −1 (S o ), and we define the distance r o ≡ η o −f −1 (S o ). Expanding this definition at linear order and considering the flux fluctuation at observer and source separately leads to
We also have the relation
where l µ is the wave vector fluctuation caused by metric fluctuation in the conformally related geometry, for more detail see Appendix A. According to the null condition Eq. (A3), one can find the inferred distance deviation
Metric perturbations can deflect and disperse light rays and thus displace the observed angles on the sky (see Fig. 3 ). Following [14] ,
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For further details see Appendix B and [14] . The Jacobian of the transformation from the background coordinates to observed coordinates is [27] 
(32) Since,
and according to the transformation law of vectors, the 3-velocity of the source can be expressed in the observed coordinates as
We combine the previous results with the expression for Eq. (7), to obtain the total number count
where κ denotes the gravitational lensing convergence,
Inserting the angular displacements into Eq. (36), we get
where∇ 2 is the Laplacian operator on a unit sphere,
It is clear that the lensing convergence is not gauge invariant. One needs to combine it with the radial displacement to form a gauge invariant quantity. We have checked that the result Eq. (35) agrees with [15] after replacing flux density by redshift.
D. Physical number density
In the previous sections, we have evaluated the effect of metric fluctuations on the total number count. To further fix the number counts, the knowledge of the inhomogeneous physical number density n phy is required. We assume
where the index i characterizes the different types of sources (e.g. AGN or SFG, or any finer classification), ρ i (L) and p i (L, S) are the local (todays) luminosity function and the generalized evolution function [28] . It is common to parametrize the luminosity function in terms of a two-power-law function [29] ,
Other prominent functions are the Schechter luminosity function [30] 
or a simple power-law.
IV. DIFFERENTIAL NUMBER COUNTS
In the early days of cosmology, integral number counts N (≥ S) have been used quite frequently. However, this is not the best way to represent the data, as error evaluation for such a cumulative quantity is sophisticated. Alternatively, the differential number counts, i.e. the number of sources inside the flux interval S to S + ∆S, are a good alternative.
We thus arrive the central result of this work, the expression for the differential number counts including all linear order effects
We present a theoretical framework for the prediction of differential number counts, either analytically or by means of simulations. This framework is based on fully relativistic linear perturbations of a spatially flat, isotropic and homogeneous space-time metric. In particular we did not assume any gauge condition. We have checked that the number of sources within fixed intervals of flux, frequency and solid angle is gauge invariant.
In previous work [12] [13] [14] , the number density has been studied as a function of redshift. There the redshift distortion is one of the dominant effects in the radial direction. In our case, as shown in the section III the radial direction fluctuation comes from three effects, i.e. redshift distortions, physical distance fluctuations, variation of the source luminosities and spectral indices. This makes the evaluation more involved than the case when the redshifts of each source are accessible.
With the complete derivations of the covariant volume integral on the past light cone, we have identified several contributions in the differential number count fluctuations, including Doppler effect, generalized Sachs-Wolfe effects, lensing effect and astrophysical variations (luminosity and spectral index).
To further constrain the differential number counts will require not only accurate theoretical predictions, but also to model and measure luminosity functions, luminosity and density evolution. However, the luminosity and density evolution of galaxies is not important when we study the statistical properties of n-point correlations on large enough scales. A more detailed analysis, especially in the light of planned radio surveys with ASKAP, MeerKAT, LOFAR and SKA will be presented elsewhere.
Appendix A: Null geodesics and redshift
Conformal transformations preserve the causal structure of space-time. Thus we can find the null geodesics of a linearly perturbed Minkowski space-time and relate them to the null-geodesics of the spatially flat FriedmannLemaître cosmologies via a conformal transformation provided by the scale factor. This strategy was used in [22, 23, 25] . For completeness, we repeat the most essential steps in our notation.
The null geodesic x µ (λ), with λ denoting an affine parameter, can be decomposed into a background path plus a perturbation,
where x (0)µ is a null geodesic in Minkowski space-time, and we assume that the metric perturbations are small. The null vector-field is therefore
At the first order, the null condition becomes
where we define (k 0 ) 2 = (k i e i ) 2 ≡ k 2 . Now we turn to the perturbed geodesic equation. The zeroth order geodesic equation simply tells us that x (0)µ is a straight trajectory, while the first order geodesic equation is
For the flat background,
The temporal component of this equation is
where we used dφ/dλ =φdη/dλ + φ ,i dx i /dλ. After integrating Eq. (A6), we obtain the temporal component of the wave number perturbation
where e ri denotes the unit vector pointing from the observer to the source. With l 0 one can further evaluate the redshift at linear order, by means of
Since u i is of first order, only the time component of l µ contributes and we find
Equations (30) and (31) were derived in [14] . Therefore, we just provide the most essential steps.
We start from an infinitesimal deviation in theθ direction,
Since angles are not affected by conformal transformations, δθ can be calculated from the geodesic equation in the conformally related geometry,
σα,ρ + g
ρα,σ − g
With the help of
Integrate e θi l i along the path to obtain
where the double integral can be simplified
f (λ)(λ s − λ)dλ, and we use e θi g
σρ,i = g
σρ,θ /r. An analogous calculation gives,
At linear order in perturbation theory, we are allowed to identify r and r o , and θ with θ o inside the expressions, as those differences are of higher order.
Appendix C: Luminosity distance
In this section we provide some essential steps for deriving the luminosity distance at linear order. We follow closely Sasaki [22] . After gauge fixing our final expression agrees with Bonvin et al. [25] .
The luminosity distance can be expressed as
where A is the amplitude in the eikonal approximation of geometric optics. According to the energy-momentum conservation and the geodesic equation,
whereθ ≡ ∇ µk µ . In the conformally related geometry, one can verify that
where ϑ ≡ ∇ µ k µ is the expansion of the congruence. The evolution of ϑ is described by its covariant derivative along the null path,
At the zeroth order, the Ricci tensor in the conformally related geometry R µν = 0, one simply gets
We define λ o and λ s + ∆λ s for the affine parameter at observer and source respectively. As shown in Fig. 1 , we assume the source is spherical and its radius in terms of affine parameter is ∆λ s . At the sourceθ → ∞, then c = −λ s − ∆λ s , therefore to zeroth order
At first order,
Integration of Eq. (C7) with the boundary condition δϑ(λ s ) = 0 yields (C10) In the local inertial frame of the source (η,x i ),
and thus R s = δ ij dx i dx j = |∆η| = a 2 s ∆λ s ω s .
In the limit ∆λ s → 0, the luminosity distance is
where the term proportional to l 0 comes from replacing the affine parameter by the conformal time. At leading order we can further write 
Recall the photon frequency ω s is
Finally, inserting Eq. (C16) and Eq. (C15) into Eq. (C13), the luminosity distance can be expressed in terms of gauge invariant quantities as: 
